Abstract. In this paper we introduce a geometric description of Lagrangian and Hamiltonian classical field theories on Lie algebroids in the framework of k-cosymplectic geometry. We discuss the relation between Lagrangian and Hamiltonian descriptions through a convenient notion of Legendre transformation. The theory is a natural generalization of the standard one; in addition, other interesting examples are studied, mainly on reduction of classical field theories.
Introduction
The k-cosymplectic formalism is one of the simplest geometric framework for describing many interesting cases of first-order classical field theories. It is a generalization to field theories of the standard cosymplectic formalism for non-autonomous mechanics and it is adequate for describing field theories with Lagrangians or Hamiltonians function explicitly depending on coordinates in the basis or the set of parameters. The foundation of the k-cosymplectic formalism is the k-cosymplectic manifolds [30, 31] .
Historically, it is based on the so-called polysymplectic formalism developed by Günther [19] , who introduced the polysymplectic manifolds. A refinement of this concept allows us to define k-symplectic manifolds [2, 3] , which are polysymplectic manifolds admitting Darboux-type coordinates [27, 28] . (Other different polysymplectic formalisms for describing field theories have been also proposed [15, 16, 21, 41, 46, 50] ).
Sometimes, the Lagrangian and Hamiltonian functions are not defined on a k-cosymplectic manifold, for instance, in the reduction theory, where the reduced "phase spaces" are not, in general, k-cosymplectic manifolds, even when the original phase space is a k-cosymplectic manifold. For instance, in this paper, we will see that when we consider reduction by symmetry of Lagrangian field theories, we obtain a reduced Lagrangian which can not described using the standard k-cosymplectic theory. In Mechanics this problem is solved using Lie algebroids instead of tangent and cotangent bundles (see [25, 55] ).
The goal of this paper is to develop an extension of k-cosymplectic field theories to Lie algebroids, such that, in the particular case k = 1 we obtain the traditional mechanics on Lie algebroids and when the Lie algebroid is the tangent bundle we derive the classical k-cosymplectic formalism. Classical field theories on Lie algebroids have already been studied in the literature. For instance, the multisymplectic formalism on Lie algebroids was presented in [39, 40] , the k-symplectic formalism on Lie algebroids was studied in [24] . In [53] a geometric framework for discrete field theories on Lie groupoids has been discussed.
The organization of the paper is as follows. In section 2 we summarize some aspects of the reduction on principal bundles developed by M. Castrillón et al. in [6] and [7] , the covariant Lagrangian reduction. This approach gives us examples of field theories on reduced "phase spaces" which are not, in general, k-cosymplectic manifolds. Here we observe that is necessary to develop a theory more general than the kcosymplectic formalism for field theory. In section 3 we recall some basic elements from the k-cosymplectic approach to first order classical field theories. In section 4 we remember some basic facts about Lie algebroids an the differential geometric aspects associated to them. In this section we also describe a particular example of Lie algebroid, called the prolongation of a Lie algebroid over a fibration. This Lie algebroid will be necessary for the further developments. In section 5 the k-cosymplectic formalism is extended to the setting of Lie algebroids. The subsection 5.1 describe the Lagrangian approach and the subsection 5.2 describe the Hamiltonian approach. These formalisms are developed in an analogous way to the standard k-cosymplectic Lagrangian and Hamiltonian formalisms. We finish this section defining the Legendre transformation on the context of Lie algebroids and we establish the equivalence between both formalism, Lagrangian and Hamiltonian, when the Lagrangian function is hyperregular. In section 6 we show some examples where the theory can be applied.
All manifolds and maps are C ∞ . Sum over crossed repeated indices is understood. Along this paper one k-tuple of elements will be denoted by a bold symbol.
Motivating example: Principal bundle reduction, covariant Euler-Poincaré equations.
Reduction by symmetry of Lagrangian field theories is useful for the implementation of many diverse mathematical models from geometric mechanics. One of the main approaches has been develop by M. Castrillón-López et al. in [6] and [7] and it is referred as covariant Lagrangian reduction.
The papers on covariant Lagrangian reduction, [7] , dealt with the extension of classical Euler-Poincaré reduction of variational principles to the field theoretic context, the idea of this paper is the following: a field theory was formulated on a principal bundle and was reduced by the structure group. This process can be summarized as follows. We begin with a right principal bundle π : P → M with structure group G. The group G naturally acts on J 1 P by (j
x (R g • s), for any j 1 x s ∈ J 1 P and g ∈ G. One considers a Lagrangian L : J 1 P → R, invariant under the natural action induced by the structure group G. The reduced variational problem now takes place on C(P ) = (J 1 P )/G, the bundle of connections, for more details see [7] . Now we consider the following particular case: P = R k × G and M = R k , that is, the trivial bundle R k × G → R k , in this case, J 1 P can be identified with R k × T 1 k G, where, T 1 k G is the tangent bundle of k 1 -velocities of G, that is, the Whitney sum of k copies of T G (see section 3).
Let L :
k G → R be a Lagrangian invariant under the natural action of G on R k × T 1 k G. In this case, we make the identifications
and then the reduced Lagrangian is a function l : (
. . ⊕g) → R. Let us observe that in this simple example of covariant Lagrangian reduction, the reduced Lagrangian is not defined on a k-cosymplectic manifold.
In this paper we will study classical field theories on Lie algebroids using the k-cosymplectic approach. In this setting the above example can be solved. Furthermore, we will develop a framework that:
(1) Reduces the classical k-cosymplectic field theories, [30, 31] to particular cases. (2) Reduces mechanics on Lie algebroids, see for instance [9, 37] , to particular cases.
Geometric preliminaries
In this section we recall some basic elements from the k-cosymplectic approach to classical field theories [30, 31] .
* Q is also called the bundle of k 1 -covelocities of the manifold Q.
The manifold J
1π
Q of 1-jets of sections of the trivial bundle π Q :
Throughout all the paper we use the following notation for the canonical projections
and the induced local coordinates (t
i ∧ dp i is the canonical symplectic form on T * Q and θ = p i dq i is the Liouville 1-form on T * Q. Obviously
In local coordinates we have
Moreover, let
A simple inspection of the expressions in local coordinates (3.1) shows that the forms η A and ω A are closed, and the following relations hold
From the above geometrical model, the following definition is introduced in [30] :
, where each η A is a closed 1-form, each ω A is a closed 2-form and V is an integrable nk-dimensional distribution on M , satisfying (i) and (ii).
M is said to be an k-cosymplectic manifold.
The following theorem has been proved in [30] .
In consequence, the canonical model for these geometrical structures is (
. See, for instance [30, 31, 44] 3.2. The manifold R k ×T 1 k Q. Let Q be an n-dimensional manifold and τ Q : T Q → Q its tangent bundle. We denote by T 1 k Q the Whitney sum T Q⊕ k . . . ⊕T Q of k copies of T Q, with projection τ
that is 1-jets of maps σ : R k → Q with the source at 0 ∈ R k , say
where q = σ(0) and
, (t 1 , . . . , t k ) being the standard coordinates on R k . T 1 k Q is called the tangent bundle of k 1 -velocities of Q (see [42] ).
The manifold J 1π R k of 1-jets of sections of the trivial bundleπ
Throughout the paper we use the following notation for the canonical projections
k-vector fields and integral sections.
Let M be an arbitrary manifold.
To give a k-vector field X is equivalent to give a family of k vector fields X 1 , . . . , X k . Hence in the sequel we will indistinctly write X = (X 1 , . . . , X k ).
or, equivalently, ψ(0) = x and ψ satisfies X • ψ = ψ (1) , where
where ψ t (s) = ψ(t + s).
A k-vector field X = (X 1 , . . . , X k ) on M is said to be integrable if there is an integral section passes through every point of M . 
Lie algebroids
In this section we present some basic facts about Lie algebroids, including features of the associated differential calculus and results on Lie algebroid morphisms that will be necessary. For further information on groupoids and Lie algebroids, and their roles in differential geometry, see [4, 20, 32, 33] .
4.1.
Lie algebroid: definition. Let E be a vector bundle of rank m over a manifold Q of dimension n, and let τ : E → Q be the vector bundle projection. Denote by Sec(E) the
on the space Sec(E), together with an anchor map ρ E : E → T Q and its, identically denoted, induced
holds for any smooth functions f on Q and sections 
is a Lie algebroid over Q, where id T Q : T Q → T Q is the identity map. (3) Another important example of a Lie algebroid may be constructed as follows. Let π : P → Q be a principal bundle with structural group G. Denote by Φ : G × P → P the free action of G on P and by T Φ : G × T P → T P the tangent action of G on T P . Then the sections of the quotient vector bundle τ P |G : T P/G → Q = P/G may be identified with the vector fields on P which are invariant under the action Φ. Since every G-invariant vector field on P is π-projectable and the standard Lie bracket on vector fields is closed with respect to G-invariant vector fields, we can define a Lie algebroid structure on T P/G. This Lie algebroid over Q is called the Atiyah (gauge) algebroid associated with the principal bundle π : P → Q [25, 32] .
Throughout this paper, the role played by a Lie algebroid is the same as the tangent bundle of Q. In this way, one regards an element e of E as a generalized velocity, and the actual velocity v is obtained when we apply the anchor map to e, i.e. v = ρ E (e).
Let (q
be local coordinates on a neighborhood U of Q and {e α } 1≤α≤m a local basis of sections of τ . Given e ∈ E such that τ (e) = q, we can write e = y α (e)e α (q) ∈ E q , i.e. each section σ is given locally by σ U = y α e α and the coordinates of e are (q i (e), y α (e)). A Lie algebroid structure on Q is locally determined as a set of local structure functions ρ i α , C γ αβ on Q that are defined by
and satisfy the relations
These relations, which are a consequence of the compatibility condition and Jacobi's identity, are usually called the structure equations of the Lie algebroid E.
Exterior differential.
A Lie algebroid structure on E allows us to define the exterior differential
, as follows:
Locally, the exterior differential is determined by
where {e α } is the dual basis of {e α }.
The usual Cartan calculus extends to the case of Lie algebroids: for every section σ of E we have a derivation ı σ (contraction) of degree −1 and a derivation L σ = ı σ • d + d • ı σ (the Lie derivative) of degree 0; for more details, see [32, 33] .
Lie algebroids over Q and Q ′ respectively, and suppose that Φ = (Φ, Φ) is a vector bundle map, that is Φ : E → E ′ is a fiberwise linear map over Φ : Q → Q ′ . The pair (Φ, Φ) is said to be a Lie algebroid morphism if
and for all l.
Here Φ * σ ′ is the section of the vector bundle
, for q ∈ Q and e 1 , . . . , e l ∈ E q . In particular, when Q = Q ′ and Φ = id Q then (4.5) holds if and only if
Let (q i ) be a local coordinate system on Q and (q i ) a local coordinate system on Q ′ . Let {e α } and {ēᾱ} be local base of sections of E and E ′ , respectively, and {e α } and {ēᾱ} their respective dual base. The vector bundle map Φ is determined by the relations Φ * qī = φī(q) and Φ * ēᾱ = φᾱ β e β for certain local functions φī and φᾱ β on Q. In this coordinate system Φ = (Φ, Φ) is a Lie algebroid morphism if and only if
where the (ρ E ) i α , C α βγ are the structure functions on E and the (ρ E ′ )īᾱ,Cᾱ βγ are the structure functions on E ′ .
For more definitions and properties about the concept of Lie algebroid morphism, see for instance [9, 20, 39, 40] .
4.4.
The prolongation of a Lie algebroid over a fibration. In this subsection we recall a particular kind of Lie algebroid that will be used later (see [9, 20, 25, 37] , for more details).
is a Lie algebroid over a manifold Q and π : P → Q is a fibration, then
where [20, 25] ). The anchor map of this Lie algebroid is ρ π :
In this paper we consider two particular Lie algebroid prolongations, one with P = R k × (E⊕ k . . . ⊕E) and the other with P = R k × (E * ⊕ k . . . ⊕E * ) (for more details see [9, 20, 25, 37] ).
If (q i , u ℓ ) are local coordinates on P and {e α } is a local basis of sections of E, then a local basis of τ P : T E P → P is given by the family {X α , V ℓ } where
The Lie bracket of two sections of T E P is characterized by the relations
and the exterior differential is therefore determined by
where {X α , V ℓ } is the dual basis of {X α , V ℓ }.
Classical Field Theories on Lie algebroids: a k-cosymplectic approach
In this section, the k-cosymplectic formalism for first order classical field theories (see [30, 31] ) is extended to the general setting of Lie algebroids. Considering a Lie algebroid E as a generalization of the tangent bundle T Q of Q, we will define the analog of the classical field equations and their solutions, and we study the analogs of the geometric structures of the standard k-cosymplectic formalism. Lagrangian and Hamiltonian formalisms are developed in subsections 5.1 and 5.2, respectively, and it is verified that the standard Lagrangian and Hamiltonian k-cosymplectic formalisms are particular examples of the formalism developed here. Throughout this section we consider a Lie algebroid (E, [[·, ·]] E , ρ E ) (E for simplicity) on the manifold Q.
Lagrangian formalism.
First, we will introduce some geometric ingredients which are necessary to develop the Lagrangian k-cosymplectic formalism on Lie algebroids.
. . ⊕T Q is the Whitney sum of k copies of T Q. Since we are thinking of a Lie algebroid E as a substitute of the tangent bundle, it is natural to consider
and the projection map p :
. . , e kq ) = q.
Let us observe that the elements of R k × k ⊕ E have the following form:
(t, e q ) = (t 1 , . . . , t k , e 1q , . . . , e kq ) .
The Lagrangian prolongation.
Consider the prolongation of a Lie algebroid E over the fibration
We deduce the following properties (see [9, 25, 37] for standard properties of the prolongation Lie algebroid):
, where the anchor map
is the canonical projection on the second factor. In the sequel, this induced Lie algebroid srtructure will be called the Lagrangian prolongation.
allows us to associate a vector field with each section ξ :
then the associated vector field is given by
(5) The Lie bracket of two sections of τ
is characterized by (see 4.9):
Remark 5.1. In the particular case E = T Q, the manifold
The Liouville sections and vertical endomorphisms.
we define two families of canonical objects, Liouville sections and vertical endomorphism which correspond to the Liouville vector fields and canonical tensor fields on [31, 44, 45] .)
Ath-vertical lifting (see for instance [9] ). An element (a q , v (t,eq ) ) of
is the projection on the first factor E. The vertical elements of
where
In particular, the tangent vector v (t,eq) is p-vertical, since by (5.2) 0 = T (t,eq) p v (t,eq ) .
In a local coordinate system (t
Definition 5.2. For each A = 1, . . . , k, the vertical Ath-lifting is defined as the mapping
The local expression of (a q )
is p-vertical, and from (5.4), (5.9) and (5.11) we deduce that locally
One of the most important family of canonical geometric 
A } be its dual basis. The corresponding local expression of S A is (5.14)
Remark 5.4.
(1) In the standard case (E = T Q, ρ = id T Q ), the S A constitutes the canonical tensor fields [31, 44, 45, 47, 48] ). (2) The endomorphisms S 1 , . . . , S k defined here allows us to introduce the Lagrangian sections when we develop the k-cosymplectic Lagrangian formalism on Lie algebroids. Moreover these mappings give a characterization of certain sections of
which we consider in the following subsection.
⋄
The Liouville sections. The Ath Liouville section ∆ A is the section of τ 
Remark 5.5. In the standard case, ∆ A is the Ath-Liouville vector field ∆ A on R k × T 1 k Q, (see for instance [31, 44, 47, 48] ). ⋄
In the standard Lagrangian k-cosymplectic formalism, the Liouville vector fields ∆ 1 , . . . , ∆ k allows us to define the energy function. Analogously as we will see below, the energy function can be defined in the Lie algebroid setting using the Liouville sections ∆ 1 , . . . , ∆ k . which satisfies certain properties. Since
, it is natural to think that, in the Lie algebroid context, the appropriate space would be the Whitney sum
We denote by τ
and satisfies the equations
is equivalent to giving a family of k sections ξ 1 , . . . , ξ k of the Lagrangian prolongation
Proof. Directly by section 5.1.2 (6).
In local coordinates
In η is written locally as η(t) = (η A (t), η i (t), η α A (t)), then from (5.17) we deduce that (5.18) is locally equivalent to the identities 
The Poincaré-Cartan 2-sections
To find the local expression of Θ
, and its dual basis {Y B , X α , V α B }. From (5.5), (5.14) and (5.21), we deduce that
and from the local expressions (5.5), (5.6), (5.7) and (5.22),
We say that the lagrangian L is regular if the matrix (
) is non-singular.
Remark 5.9. When we consider the particular case E = T Q and
where X, Y are vector fields on R k × T [44, 47, 48] . ⋄
The energy function. The energy function E L :
and from (5.5) and (5.15) one deduces that E L is locally given by
Morphisms. We generalize the Euler-Lagrange equations and their solutions to the case of Lie algebroids in terms of Lie algebroid morphisms.
In the standard Lagrangian k-cosymplectic formalism, a solution of the Euler-Lagrange equations is a field φ : R k → Q with a first prolongation φ [1] :
.
The map φ naturally induces the Lie algebroid morphism
and in terms of the canonical basis of sections of τ R k , ∂ ∂t 1 , . . . , ∂ ∂t k , the first prolongation of φ, φ [1] , can be written as
For a general Lie algebroid we shall derive Euler-Lagrange equations for field theories on Lie algebroids using as a main tool Lie algebroid morphisms Φ = (Φ, Φ),
with an associated map Φ :
is a fixed local basis of local sections of T R k .
If (t A ) and (q i ) are local coordinate systems on R k and Q, respectively; {e A } and {e α } local basis of sections of τ R k and E, respectively; and {e A } and {e α } the respective dual bases; then Φ(t) = (φ i (t)) and Φ * e α = φ i.e., the standard first-order prolongations of fields φ :
equation (5.26) being the analog of the geometric Euler-Lagrange equations of the standard k-cosymplectic
Lagrangian formalism.
⊕ E → R be a regular Lagrangian, and ξ 1 , . . . , ξ k k sections of τ
Then:
⊕ E is the map associated with a Lie algebroid morphism between T R k and E, and is an integral section of ξ L , then it is a solution of the Euler-Lagrange equations of field theories on Lie algebroids, that is,
Proof. The proof is analogous to the one in Theorem 4.18 in [24] .
In this case one obtains that if
⊕ E and a local basis {e α } of Sec(E) it is given locally by
satisfy the following equations:
If the map Φ :
⊕ E associated with a Lie algebroid morphism Φ : T R k → E and defined by Φ(t) = (t, φ i (t), φ α A (t)), is an integral section of ξ L , then by condition (5.19) and equations (5.28) we obtain
where the last two equations are consequence of the morphism conditions (5.25) .
If E is the standard Lie algebroid T Q, the previous equations are the classical Euler-Lagrange equations for the Lagrangian L :
In what follows (5.27) will be called the Euler-Lagrange equations of field theories on Lie algebroids.
Remark 5.12.
(1) Equations (5.27) are obtained by E. Martinez [40] using a variational approach in the multisymplectic framework.
(2) If L does not depends on t, then it can be considered as a map L : Euler-Lagrange equations of the Günther formalism [19] .
⋄
In the following table we write the geometric Lagrangian equations in the above particular cases.
Lagrangian formalism Geometric Lagrangian equations
k-cosymplectic formalism on Lie algebroids
(1) If L explicitly depends on t, equations (5.26) are the equations of Lagrangian mechanics for timedependent system defined on Lie algebroids, see for instance [51, 52] . Moreover. In this case, when E = T Q, (5.26) are the dynamical equations of non-autonomous mechanics (see [11] ). (2) If L does not depends on t, equations (5.26) are the geometric equations for autonomous lagrangian mechanics on Lie algebroids, see for instance [38] . Finally in this case if E = T Q we have the classical equations for autonomous mechanics. 
with the projection map 
The Hamiltonian prolongation.
We next consider the prolongation of a Lie algebroid E over the fibration p
)} . Taking into account the description of the prolongation T E P and the results on Section 4.4 (see also [9, 25, 37] ), we obtain
is the canonical projection onto the second factor. We refer to this Lie algebroid as the kcosymplectic Hamiltonian prolongation
) is a local basis of Sec(
(4) The anchor map ρ
then the associate vector field is
is characterized by the relations (see (4.9)),
(see (4.10)).
Remark 5.14. In the particular case E = T Q, the manifold
The proof is analogous to the on in remark 5.1. ⋄
The vector bundle
In the standard Hamiltonian kcosymplectic formalism one obtains the solutions of the Hamilton equations as integral sections of certain k-vector fields on
Since on Lie algebroids the vector bundle
, it is natural to assume that the role of
is played by
the Whitney sum of k copies of
We have the following
where ρp * is the anchor map of the Lie algebroid
Proof. Directly from (5.33) and the above remark.
Hamiltonian formalism. Let (E, [[·, ·]]
E , ρ E ) be a Lie algebroid on a manifold Q, and H :
To develop the Hamiltonian k-cosymplectic formalism on Lie algebroids, we need to define an appropriate notion of Liouville sections.
The Liouville sections. The Liouville 1-sections are defined as sections of the bundle
→ R is the linear function:
and from (5.34), (5.35) and (5.37),
where X, Y are vector field on R k × (T 
, (or equivalently, ξ 1 , . . . , ξ k are k sections of the Hamiltonian prolongation), such
is an integral section of ξ H , then ψ is a solution of the following system of partial differential equations: , ξ
is an integral section of ξ H , that is ψ is an integral section of (ρp (1) When H does not depends on t, then it can be considered as a map H :
In this case, the sections Ω A can be thought as sections of T E ( k ⊕ E * ) and from (5.39) one obtains the k-symplectic Hamiltonian equations for field theories on Lie algebroids (see [24] ). (2) When E = T Q and ρ = id T Q , equations (5.39) are the standard k-cosymplectic geometric version of the Hamilton equations for field theories develop by M. de León et al in [30] . (3) If H does not depends on t and we consider the case E = T Q and ρ = Id T Q we obtain the standard k-symplectic geometric version of the Hamilton equations for field theories (see, for instance [43, 49] ).
⋄
Hamiltonian formalism Geometric Hamiltonian equations
If H explicitly depends on t, equations (5.39) are the equations of Hamiltonian mechanics for time-dependent system defined on Lie algebroids ( see [51, 52] , for instance). Moreover, when E = T Q and ρ = Id T Q we have the dynamical equations of the non-autonomous mechanics (see [11] ). (2) If H does not depends on t , equations (5.39) are the geometric equations of autonomous Hamiltonian mechanics on Lie algebroids (see, for instance, [38] ). In this case, if E = T Q and ρ = id T Q we have the classical equations of autonomous mechanics.
⋄

5.3.
Equivalence between the Lagrangian and Hamiltonian formalism. In the standard case the Hamiltonian and Lagrangian k-cosymplectic formulations are equivalents when the Lagrangian is hyperregular. On the k-symplectic formalism on Lie algebroid we have obtained a similar result (see [24] ). In this section we will define the Legendre transformation on Lie algebroids and we will establish the equivalence between the Lagrangian and Hamiltonian formalisms when the Lagrangian function is hyperregular.
Definition 5.21. The Legendre transformation associated with L :
where u q ∈ E q and (t, e q ) = (t, e 1q , . . . ,
The map Leg is well defined, and its local expression is
From this expression, it is easy to prove that the Lagrangian L is regular if and only if Leg is a local diffeomorphism.
Remark 5.22. When E = T Q, the Legendre transformation defined here coincides with the Legendre map of the standard k-cosymplectic formalism, see [31, 44] . ⋄ Leg induces a map
and Ω A L are, respectively, the Poincaré-Cartan 1-sections and 2-sections associated with L : R k × k ⊕ E → R, and Θ A and Ω A , respectively, the Liouville 1-sections and 2-sections on
Proof. The proof is analogous to the one in the k-symplectic case, see Theorem 4.30 in [24] .
Remark 5.24. When E = T Q and ρ = id T Q , it establishes the relation between the Lagrangian and Hamiltonian formalism in the standard k-cosymplectic approach (see [31] 
where E L is the energy function associated with L, given by (5.24), and (Leg) −1 is the inverse of the Legendre transformation.
By a similar computation that in the Theorem 4.33 in [24] we prove the following theorem, which establishes the equivalence between the Lagrangian and Hamiltonian k-cosymplectic formulations on Lie algebroids.
Theorem 5.25. Let L be a hyperregular Lagrangian. There is a bijective correspondence between the set of maps η :
Euler-Lagrange equations (5.26) and the set of maps ψ : Proof. It is similar to the proof of the k-symplectic formalism on Lie algebroids, see Theorem 4.33 in [24] . Here we must only to take into account the relationship between
Remark 5.26.
(1) When E = T Q, this theorem establishes the equivalence between the k-cosymplectic Lagrangian and the Hamiltonian formalism (see [31, 44] ). (2) When L and H do not depend on t, the above Theorem reduces to the Theorem 4.33 in [24] , which establishes the equivalence between the Lagrangian and Hamiltonian formalism on Lie algebroids on the k-symplectic approach.
⋄
Examples
Harmonic maps, [5, 12] . Let us remember that a smooth map ϕ : M → N between Riemannian manifolds (M, g) and (N, h) is called harmonic if it is a critical point of the energy functional E, which, when M is compact oriented manifold, is defined as
where dv g denotes the measure on M induced by its metric and, in local coordinates, the expression
This definition is extended to the case when M is not compact requiring that the restriction of ϕ to every compact domain to be harmonic. Now we will consider the particular case M = R k and N = G a Riemannian matrix Lie group. In this case we denote the trivial principal fiber bundle by π : R k × G → R k , and we identify Sec(R k × G) with
, the Riemannian metrics on R k and G naturally induce a metric
, and so we may define the energy E on C ∞ (R k , M ) by
The Euler-Lagrange equations for (6.1) are given by (see, for example [12] ),
where ∇ is the induced Riemannian covariant derivative on C ∞ (T * R k ⊗ ϕ * (T G)) and T race is the trace defined by g (see, for example [12] ). By definition, the set of harmonic maps from R k to G is the subset of Sec(R k × G) whose elements solve (6.2).
Using Einstein's summation convention, we have the following coordinate expressions: 
where Γ C AB and Γ i jk denote the Christoffel symbols of the Levi-Civita connections of g and h. We shall derive the reduced form of (6.2) for two specific cases: G = R and G = S 3 ∼ = SU (2). In general, one obtains,
where C(R k × G) → R k is the bundle of connections (see [7] ).
For the case that G = R, the abelian group of translations, from (6.5) we obtain that C(R k × G) ∼ = R k × R k and therefore, a section σ of the bundle connections can be thought as a 1-form on R k with local expression σ = p A dt A , where (t A , p B ) are local coordinates on
The Lagrangian L is clearly R-invariant. Denoting by ℓ the projection of L to C( ∂p B ∂t A . Let us observe that the first equation is the Euler-Poincaré equation for ℓ and the second equation is the condition of the vanishing curvature on the trivial connection for R k × G (see, for instance, [7] ).
We denote by q :
k R)/R the canonical projection, let σ = q(T ϕ), then p A = ∂ϕ/∂t A , this condition together the equations (6.6) is equivalent to (6.4).
For the case G = S 3 ∼ = SU (2), from (6.5) we know that C(R k × SU (2)) ∼ = R k × su(2)× k . . . ×su(2) and we can make the identification
This identification is locally given as follow: Let {E 1 , E 2 , E 3 } be a basis of su (2), then a section of T * R k ⊗ su(2) → R k can be written as σ(t) = p The first group of equations of (6.7) are the Euler-Poincaré equations for the trivial connection of R k × SU (2), the second group of equations represents the vanishing curvature condition (see [7] for more details).
Classical Euler-Poincaré equations. For a Lie Group G, we consider the principal fiber bundle π : R× G → R. Let L : J 1 (R × G) ∼ = R × T G → R be a G-invariant Lagrangian. Taking into account (6.5) with k = 1 we obtain the following identifications
In a similar way that in the above example we obtain if ℓ is the projection of L to C(R × G), then the Euler-Lagrange equations associated to ℓ are the Classical Euler-Poincaré equations, see for instance [7] or [36] . Systems with symmetry. Consider a principal bundle π :Q −→ Q =Q/G. Let A : TQ −→ g be a fixed principal connection with curvature B : TQ ⊕ TQ −→ g. The connection A determines an isomorphism between the vector bundles TQ/G → Q and T Q ⊕ g −→ Q, where g = (Q × g)/G is the adjoint bundle (see [8] ):
[vq] ↔ Tqπ(vq) ⊕ [(q, A(vq))]
where vq ∈ TqQ. The connection allows us to obtain a local basis of sections of Sec(TQ/G) = X(Q) ⊕ Sec( g) as follows. Let e be the identity element of the Lie group G and assume that there are local coordinates (q i ), 1 ≤ i ≤ dim Q and that {ξ a } is a basis of g. The corresponding sections of the adjoint bundle are the left-invariant vector fields ξ 
